Let S be a given set of positive rational primes. Assume that the value of the Dedekind zeta function ζ K of a number field K is less than or equal to zero at some real point β in the range 1 2 < β < 1. We give explicit lower bounds on the residue at s = 1 of this Dedekind zeta function which depend on β, the absolute value d K of the discriminant of K and the behavior in K of the rational primes p ∈ S. Now, let k be a real abelian number field and let β be any real zero of the zeta function of k. We give an upper bound on the residue at s = 1 of ζ k which depends on β, d k and the behavior in k of the rational primes p ∈ S. By combining these two results, we obtain lower bounds for the relative class numbers of some normal CM-fields K which depend on the behavior in K of the rational primes p ∈ S. We will then show that these new lower bounds for relative class numbers are of paramount importance for solving, for example, the exponent-two class group problem for the non-normal quartic CM-fields. Finally, we will prove Brauer-Siegel-like results about the asymptotic behavior of relative class numbers of CM-fields.
Lower bounds for residues of zeta functions
Let c > 0 be given (to be selected below). It has long been known that Hecke's integral representations of Dedekind zeta functions ζ K of number fields K can be used to obtain lower bounds for their residues κ K at s = 1 of the type 1 − (c/ log d K ) ≤ β < 1 and ζ K (β) ≤ 0 imply κ K ≥ (1 − β)d
where o(1) is an error term that approaches zero as d K → ∞ provided that K ranges over number fields of a given degree (e.g. see [Lou2, Proposition A] . See also [Lan, Chapter XVI, Section 2, Lemma 3, p. 323] for a weaker result). Notice that the best lower bound one can deduce (for β = 1 − (2/ log d K )) is of the type ζ K (1 − (2/ log d K )) ≤ 0 implies κ K ≥ 2 e log d K (1 + o(1) ).
The first aim of this paper is to prove Theorem 1 below, which not only provides a nice treatment of this error term (by simply getting rid of it!) but also allows us to obtain lower bounds for these residues which depend on the behavior in K of a 3080 STÉPHANE LOUBOUTIN finite set S of rational primes. Let us first set some notation. If K is an algebraic number field and S is any finite set of positive rational primes, we define Π K (S) := p∈S P|p
(1 − (N (P)) −1 ) −1 ≥ 1 (product of Euler's factors of the Dedekind zeta function of K) and
with the convention Π K (∅) = Λ ∅ = 1. Our first result is as follows:
Theorem 1.
(1) Let m ≥ 1 be a positive integer. There exists ρ 2m effective such that for any finite set S of primes and any totally imaginary number field K of degree 2n ≥ 2m and root discriminant ρ
(2) Let m ≥ 1 be a positive integer. Let S be any given finite set of primes. There exists ρ 2m,S effective such that for any totally imaginary number field K of degree 2n ≥ 2m and root discriminant ρ
(3) We may take ρ 12 = ρ 12,∅ = 2π 2 and for smaller values of m we may take ρ 2m and ρ 2m,S for S = ∅ and S = {2} as given in Table 1 : (4) Let K be a totally imaginary number field of degree 2n > 2 and root discriminant ρ K ≥ 32π 2 Λ {2} = 2682.208 · · · . Assume that ζ K (β) ≤ 0 for some β ∈ [1 − (2/ log d K ), 1). Then,
Proof. See Section 2 below.
We could have stated this result in the more general setting of the not necessarily totally imaginary number fields. However, we only aim at using it for obtaining good lower bounds for relative class numbers of CM-fields. Notice that, contrary to our previous lower bounds given in [Lou2, Proposition A] , our present lower bounds (1) and (2) do not depend on any pesky error factor K = max 1 − (2πn/ρ β K ), 2 5 exp(−2πn/ρ K ) , which for a given n approaches 1 as d K → ∞, but which approaches 0 as n → ∞ as K ranges over CM-fields of bounded root discriminants. Moreover, the real draw of these lower bounds (1) and (2) is that the Euler factors Π K (S) being always greater than or equal to one, these bounds can be considerably better than the ones without the factor Π K (S) given in [Lou2, Proposition A] . For example, if S = {2} and 2 splits completely in K, then Π K (S) = 4 n . We also refer the reader to [Hof, Lemma 4] and [Sta3, Lemma 4] where other similar but less satisfactory lower bounds for κ K are proved (in the case that S = ∅).
Proof of Theorem 1
Let K be a totally imaginary number field of degree 2n ≥ 2. Let ζ K (s) and d K be the the Dedekind zeta function and the absolute value of the discriminant of K, and set
(where I ranges over the nonzero integral ideals of K). Now, by shifting the vertical line of integration (z) = α > 1 to the left to the vertical line (z) = 1 − α < 0, by using the functional equation F K (1 − z) = F K (z) to come back to the vertical line of integration (z) = α and by noticing that we pick up only two poles, a simple pole of residue λ K at z = 1 and a simple pole of residue −λ K at z = 0, we obtain that S K (x) satisfies the following functional equation:
Using this functional equation and the fact that F K (s) is the Mellin transform of S K (x), we obtain:
(where I ranges over the nonzero integral ideals of K), which is nothing but the Hecke integral representation of ζ K (s), in another guise (see [Lan, Chapter XIII, Section 3, Theorem 3, p. 260] ). Let S be a finite set of distinct rational primes. Set
Since 0 < s < 1 and ζ K (s) ≤ 0 imply F K (s) ≤ 0, we obtain:
From now on, we assume that 1 2 < β < 1. We set
where J n = π/2 0 sin n/2−1 (T )dT decreases towards zero as n ≥ 1 goes to infinity (use Γ(s)Γ(1 − s) = π/ sin(πs) to obtain |Γ(1/2 + it)| 2 = π/ cosh(πt), and set cosh(πt) = 1/ sin T ). Notice that J n+4 = n n+2 J n for n ≥ 1 and that J 2 = π/2 and J 4 = 1. In Lemma 2, we shift the vertical line of integration (z) = α > 1 leftwards to the vertical line (z) = 1/2. We pick up only one residue, at z = β, and obtain:
Lemma 3. Let γ = 0.577215 · · · denote Euler's constant and set f n (β) := β(2π) n(1−β) Γ n (β). In the range 0 < β ≤ 1, it follows that
Proof. Since f n (β) is positive and log-convex in the range β > 0 (use the infinite product of the Γ-function), f n is convex in the same range.
Using Lemma 3, noticing that 1/2 < 1−(2/ log d K ) ≤ β < 1 implies β/(2β −1) ≤ (n log ρ K − 1)/(n log ρ K − 2) and d
we finally obtain:
Proposition 4. Let K be a totally imaginary number field of degree 2n ≥ 2, and assume that d K ≥ e 4 .
(1) Assume that ζ K (β) ≤ 0 for some β ∈ [1 − (2/ log d K ), 1). Then,
log ρ K decreases with ρ K in the range ρ K ≥ e 2/n , i.e., in the range d K ≥ e 4 . Now, we are in a position to complete the proof of Theorem 1.
(1) Assume that n ≥ 6 and ρ K ≥ 2π 2 Λ S ≥ 2π 2 . We have J n ≤ J 6 = π/4, (n log ρ K − 1)/(n log ρ K − 2) ≤ (6 log(2π 2 ) − 1)/(6 log(2π 2 ) − 2), and we obtain
and (4) yields (1) with ρ 12 = 2π 2 . Moreover, if S = ∅, then Λ S = 1 and
and (5) yields (2) with ρ 12 = 2π 2 .
(2) To deal with the cases n ≤ 5, we use the following values: J 1 = 2.62205 · · · , J 2 = π/2, J 3 = 1.19814 · · · , J 4 = 1 and J 5 = 1 3 J 1 = 0.87401 · · · . (3) For proving the last assertion of Theorem 1, we use (4) with S = {2}, and notice that Π K ({2}) ≥ 1/(1 − 4 −n ), (2π 2 Λ S /ρ K ) n/2 ≤ 4 −n , J n ≤ J 2 = π/2 and 2eJ n π 2 n log ρ K − 1 n log ρ K − 2 ≤ e π
Lower bounds for relative class numbers
Recall that a number field K is called a CM-field if K is totally imaginary, hence of even degree 2n ≥ 2, and if K is a quadratic extension of its maximal totally real subfield k. In that situation, the degree of k is equal to n, the class number h k of k divides the class number h K of K and we let h − K = h K /h k denote the so-called relative class number of K. Recall that
where w K ≥ 2 and Q K ∈ {1, 2} are the number of complex roots of unity in K and the Hasse unit index of K, where d K and d k are the absolute values of the discriminants of the number fields K and k and where κ K and κ k are the residues at s = 1 of the Dedekind zeta functions of K and k (see [Was] ). We finally let
Notation 5. Throughout this paper we adopt the following notation:
3.1. Upper bounds for residues of zeta functions. To obtain lower bounds for h − K , we will use (6), the lower bounds for κ K obtained in Theorem 1 and the following upper bounds for κ k : Proposition 6.
(1) (See [Lou8, Theorem 1].) Let k be a number field of degree n > 1. Then
(2) Let k be a real abelian number field of degree n > 1 and conductor f k > 1. Let X k denote the group (of order n) of primitive Dirichlet characters χ of conductors f χ ≥ 1 associated with this abelian number field k (of degree n). Set
Then,
Moreover, if ζ k (β) = 0 for some β in the range 1 2 ≤ β < 1, then
Proof. According to the conductor-discriminant formula, we do have
Hence, using Lemma 7 below, we obtain (10) and (11).
Lemma 7. Recall that we set κ 1 = 2+γ − log(4π) = 0.046 · · · . Let χ be a primitive even Dirichlet character of conductor f χ > 1.
(
Corollary 7B] for the quadratic case, and [Lou8, Theorem 7] for the general case). Assume that L(β, χ) = 0 for some β ∈ [1/2, 1). Then,
3.2. On real zeros of Dedekind zeta functions.
(2) Let K be a not necessarily normal CM-field such that
(3) Let N denote the normal closure of a CM-field K. Then, either (i) there exists some imaginary quadratic subfield F of K such that ζ F (s) and ζ K (s) have a common real zero in the range
Proof. Let m ≥ 1 be a given positive integer and K be a number field of discriminant d K > exp(2( √ m + 1 − 1)). Then, its Dedekind zeta function ζ K (s) has at most m real zeros in the range 1 − (c m / log d K ) ≤ s < 1 (this result is a generalisation of [Sta3, Lemma 3] and its proof is given in [LLO, Lemma 15] ).
(1) The abelian case is easy to deal with by using the factorization of ζ K (s) as a product of Dirichlet L-series. Let us now deal with the normal case. Assume that we are neither in case (i) nor in case (iii). Since we are not in case (iii), there exists s 1 in the range 1−c 2 / log d K ≤ s < 1 such that ζ K (s 1 ) > 0. Since κ K is positive and since ζ K (s) has a simple pole at s = 1, it follows that lim s↑1 ζ K (s) = −∞. Hence, ζ K (s) has a real zero β of odd multiplicity n β ≥ 1 in the range 1−c 2 / log d K ≤ s 1 ≤ s < 1. However, in this range we have n β ≤ 2. Hence, n β = 1. According to [Sta3, Theorem 3] , there exists some quadratic subfield F of K such that for E ⊆ K we have ζ E (β) = 0 if and only if F ⊆ E. In particular, ζ F (β) = 0. Since we are not in case (i), we obtain that F is real. Hence, F ⊆ k, which implies ζ k (β) = 0, and we are in case (ii).
(2) Easy.
(3) Assume that we are neither in case (i) nor in case (iii). Since we are not in case (iii), there exists s 1 in the range [FM, Corollary 2] for a short proof of the Aramata-Brauer Theorem). Hence, ζ N (β) = 0 and β is a simple zero of ζ N ,
In particular, F ⊆ K (for ζ K (β) = 0) and ζ F (β) = 0. Since we are not in case (i), then F is real. Hence F ⊆ k and ζ k (β) = 0 and we are in case (ii).
(4) Use [Sta3, Lemma 7].
(5) See [Bes] (the proof of this result was announced to appear in [Hof, Reference 2] but it has in fact never been published yet).
( 6) 3.3. Lower bounds for relative class numbers. We are now in a position to obtain lower bounds for relative class numbers.
Theorem 9. Let K be a normal CM-field of degree 2n > 2 and root discriminant ρ K ≥ 50. Assume that K contains no imaginary quadratic subfield, or that the Dedekind zeta functions of the imaginary quadratic subfields of K have no real zero in the range
and for each entry 2m in Table 2 
(2) Moreover, assume that k is abelian and set c = c 3 = 2 if K is abelian, and set c = c 2 = 2( √ 3 − 1) 2 otherwise. Then, we have the better lower bound
n (recall that we have set κ 1 = 2 + γ − log(4π) = 0.046 · · · ), and for each entry 2m in Table 3 below, 2n ≥ 2m and ρ K ≥ ρ 2m imply h − K > 1. Proof. Let us first prove (13). According to Point 1 of Lemma 8, there are two cases to consider.
(1) Assume that ζ k has no real zero in the range 1 − c/ log d K ≤ s < 1. Then ζ K (1 − (c/ log d K )) ≤ 0 and using (2) with S = ∅, we obtain
Using (10) we conclude that
(2) Assume that ζ k (β) = 0 for some β ∈ [1 − c/ log d K , 1). Then ζ K (β) = 0 ≤ 0 and using (1) with S = ∅, we obtain
Since d K > d k ≥ f k and since c ≤ 2, the right-hand side of (15) is greater than or equal to the right-hand side of (14), and (14) is always valid.
Using (14), (9) and (6), we obtain the first lower bound in (13). To deduce the second one, we use log
To prove (12), we use (7) and (8), instead of (10) and (11).
Remarks 10. According to (4), we could easily improve upon (1). For example, we have: let K be a totally imaginary number field of degree 2n ≥ 4 and root discriminant ρ
The reader can easily check that by following the proof of Theorem 9 and by using (3), or (16) with S = ∅, we can slightly improve upon [LPP, Proposition 4.2] .
In the same way, by using Point 2 of Lemma 8 we obtain:
Theorem 11. Let K be a not necessarily normal CM-field of degree 2n ≥ 2 such that (ζ K /ζ k )(s) ≥ 0 for 0 < s < 1. 3 Then, (12) holds with c = 2. In particular, for each entry 2m in Table 2 , we have h − K > 1 as soon as 2n ≥ 2m and ρ K ≥ ρ 2m . Moreover, if k is abelian, 4 then (13) holds with c = 2. In particular, for each entry 2m in Table 3 , we have h − K > 1 as soon as n ≥ m and ρ K ≥ ρ 2m . Finally, by using (3), (7), (8) and Points 3 and 4 of Lemma 8 we obtain:
Theorem 12. Set c = c 1 = 2( √ 2−1) 2 . Let K be a not necessarily normal CM-field of degree 2n > 2 and root discriminant ρ K ≥ 2800, let m N := [N : Q] denote the degree of its normal closure N and assume that K contains no imaginary quadratic subfield or that the real zeros in the range 1 − (c/ log d N ) ≤ s < 1 of the Dedekind zeta functions of the imaginary quadratic subfields of K are not zeros of ζ K (s). Then,
When dealing with small class number problems for CM-fields K, one can assume that either K contains no imaginary quadratic subfield or that ζ F (s) < 0 in the range 0 < s < 1 for all the imaginary quadratic subfields F of K, which enables one to use Theorems 9 and 12. Indeed, the class number of any imaginary quadratic subfield of K divides 4h − K (see [Oka] ), all the imaginary quadratic fields of small class numbers are known (e.g. those of class numbers dividing 4 were determined in [Arn] , [Bak1] , [Bak2] , [MW] , [Sta1] and [Sta2] ), and one can easily check numerically that ζ F (s) < 0, 0 < s < 1, for these few imaginary quadratic fields F . However, in order to prove in Section 4 a Brauer-Siegel-like result for relative class numbers of CM-fields, we prove:
Theorem 13. Let mean that the constants involved in the considered lower bound depend on only. Let K be a not necessarily normal CM-field of degree 2n > 4 and root number ρ K ≥ 2800. Assume that K contains an imaginary quadratic subfield F and that ζ F (β) = ζ K (β) = 0 for some β ∈ [−(2/ log d K ), 1). Then,
and for each entry 2m in Table 4 below, 2n ≥ 2m and ρ K ≥ ρ 2m imply h − K > 1. 200 ∞ ρ2m 5 · 10 11 5 · 10 7 3 · 10 6 5 · 10 5 50000 15000 7800 6500 5383
According to (12) and (18), it follows that h − K → ∞ as [K : Q] = 2n → ∞ for normal CM-fields of root discriminants
Proof. According to Point 4 of Lemma 8, we have 1 − β ≥ 6 π (d K /d k ) −1/n and 1 − β
Using (6), (7) and (20), we obtain (18) and (19).
A Brauer-Siegel-like result on the asymptotic behavior of relative class numbers of CM-fields
By using our previous lower bounds for relative class numbers of CM-fields (see Theorems 9, 12 and 13), we now prove Brauer-Siegel-like results about the asymptotic behavior of relative class numbers of CM-fields. In [HJ, p. 554] it is said that the restriction ρ K → ∞ precludes one from deducing from the Brauer-Siegel theorem that there exists some sufficiently large constant C > 0 such that h K → ∞ as [K : Q] = 2n → ∞ for normal CM-fields K of root discriminants
The Brauer-Siegel-like results we will obtain here prove that we may choose C = 5400. In [Mur2, Proposition 4 .1] it is said that as K ranges over the set of CM-fields of degrees 2n ≤ 8 and 2n = 4 we have h K → ∞ effectively. The Brauer-Siegel-like results we will obtain here prove that for any given B we have h K → ∞ effectively as K ranges over the set of CM-fields of degrees 2n ≤ B. The Brauer-Siegel-like results for relative class number of CM-fields we are going to prove (and which generalize those we obtained in [Lou4] for imaginary abelian number fields) are as follows:
Theorem 14.
(1) Let K range over a sequence of normal CM-fields such that their root discriminants ρ K tend to infinity (e.g. let K range over a sequence of imaginary abelian number fields 5 ), or let K range over a sequence of not necessarily normal CM-fields of a given degree. Let o(1) denote an error term that tends to zero as ρ K goes to infinity.
We have
The upper bound on log h − K in (21) is effective and explicit. If K contains no imaginary quadratic subfield, then the lower bounds for log h − K in (21) and (22) are effective and explicit.
If K contains an imaginary quadratic subfield, then the lower bounds for h − K in (21) and (22) are not effective, but we have the following effective and explicit weaker lower bound:
which implies the following effective and explicit lower bound:
Finally, in the situations where the error terms o(1) in (21), (22), (23) and (24) are declared to be effective and explicit, they are of the type o(1) = O((log log ρ K )/ log ρ K ).
(2) If K ranges over not necessarily normal CM-fields of a given degree, then h − K −→ ∞ effectively and explicitly as d K −→ ∞.
For any given h ≥ 1 there exists ρ h effective such that h − K > h for all normal CM-fields K of root discriminants ρ K ≥ ρ h .
In particular, h − K > 1 for all normal CM-fields K of root discriminants ρ K ≥ ρ 1 = 40000.
Moreover, h K → ∞ as [K : Q] = 2n → ∞ for normal CM-fields K of root discriminants
Proof of Theorem 14.
Lemma 15. Let K be a CM-field of degree 2n. Then,
is an explicit error term that tends to zero as ρ K goes to infinity.
Proof. Since φ(w) ≥ w/2 for w ≥ 2 and since φ(w K ) must divide 2n, we have w K ≤ 8n 2 . Moreover, d K /d k ≤ d K = ρ 2n K . Hence, using [Lou7, Corollary 3], we obtain (1) (See [Oes] .) For every > 0 we have an effective and explicit lower bound h − F log 1− d F for the class numbers h F of the imaginary quadratic fields F .
(2) If K = F 1 F 2 is an imaginary bicyclic biquadratic field (where F 1 and F 2 denote the two imaginary quadratic subfields of K), then
Hence, we have an effective and explicit lower bound h − K log 1− d K . (3) If K is a non-normal quartic CM-field, then its normal closure N is a dihedral octic CM-field, d N 
Therefore, log h − K is effectively and explicitly asymptotic to 1 2 log(d K /d k ). 3. The third assertion of the second point of Theorem 14 follows from the fact that if h − K = 1 and K contains an imaginary quadratic field F , then h F divides 4 (see [Oka] ). Hence F is known (see [Arn] , [Bak1] , [Bak2] , [MW] , [Sta1] and [Sta2] ), and numerical computations easily yield that ζ F (s) < 0 for these few imaginary quadratic fields F . Hence, the first point of Theorem 9 yields that h − K > 1 for all normal CM-fields K of root discriminants ρ K > 40000. (We could also use Theorem 13 and the solution of the class number one problem for the imaginary quadratic fields (see [Bak1] and [Sta1] ) and for the imaginary biquadratic bicyclic fields (see [BP] ), but we would obtain the weaker following result: h − K > 1 for all normal CM-fields K of root discriminants ρ K > 7 · 10 11 .) 4. Finally, the fourth assertion of the second point of Theorem 14 follows from the last assertion of Theorem 13. Remarks 17. It is possible to deduce from the usual Brauer-Siegel theorem for class numbers of number fields the following Brauer-Siegel-like result for relative class numbers of normal CM-fields, which improves upon [HH, Lemma 4] (which is given only for CM-fields of a given degree) but is less satisfactory than our previous Theorem 14 (for it is ineffective in the case that N contains no imaginary quadratic subfield): Theorem 18. If N ranges over a sequence of normal CM-fields such that their root discriminants ρ N tend to infinity, then we have
where o(1) is an error term that tends to zero as ρ N goes to infinity.
Better lower bounds for relative class numbers
The aim of this section is to improve upon, in the case that k is abelian, the explicit lower bounds for relative class numbers of CM-fields K that we obtained in the previous section. To this end, we choose S = {2} and use Theorem 1 to get better lower bounds (depending on the behavior of 2 in K) for the term κ K in (6). Moreover, using the results of [Lou9] we will be able to get better upper bounds (depending on the behavior of 2 in k) for the term κ k in (6). Putting everything together, we will obtain Theorem 22, which improves upon the lower bounds for relative class numbers that we obtained in Theorem 9. |L(1, χ) 
Upper bounds for
Lemma 19. Let χ be a primitive even Dirichlet character of conductor f χ > 1.
(1) (See [Lou1] and [Lou9] .) Set 6 (26)
if χ(2) = 0, κ 3 = 2 + γ − log(π/4) = 2.818 · · · if χ(2) = 0, +1.
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(2) (See [Lou6, Corollary 7B] for the quadratic case and [Lou8, Theorem 7] for the general case.) If L(β, χ) = 0 for some β ∈ [1/2, 1), then
Upper bounds for residues of zeta functions.
Proposition 20. Let k be a real abelian number field of degree n > 1 and conductor f k > 1. Let X k denote the group (of order n) of primitive Dirichlet characters χ of conductors f χ ≥ 1 associated with this abelian number field k (of degree n).
Let e, f and g = n/(ef ) denote the index of ramification of 2 in k, the inertia degree of 2 in k and the number of prime ideals of k above 2, respectively. (Hence,
Moreover, if ζ k (β) = 0 for some β ∈ [1/2, 1), then
Proof. To deduce (30) from (29), we notice that, according to [Was, Theorem 3 .7], we have #{χ ∈ X k ; χ(2) = 1} = g, #{χ ∈ X k ; χ(2) = 0} = n − f g and #{χ ∈ X k ; χ(2) = 0, 1} = n − g − (n − f g) = f g − g. Using the fact that the geometric mean is less than or equal to the arithmetic mean and the conductor-
Noticing that
and using (27) for all the 1 = χ ∈ X k , we obtain
which proves (32). Now, if ζ k (β) = 0, then L(β, χ 0 ) = 0 for some 1 = χ 0 ∈ X k . Using (28) we obtain
which, in using (27) for all the χ ∈ X k \ {1, χ 0 }, yields (33).
Remarks 21. Notice that in the special case that the prime 2 is inert in the real abelian number field k of degree n, then (31) and (32) yield
whereas (9) and (10) only yield κ k ≤ v n (log ρ k + κ 1 ) n−1 /2 n−1 .
Lower bounds for relative class numbers.
Theorem 22. Let K be a normal CM-field of degree 2n ≥ 2m > 2 and root discriminant ρ K ≥ ρ 2m,{2} with ρ 2m,{2} as in Table 1 . Assume that k is abelian. Set c = c 3 = 2 if K is abelian, and set c = c 2 = 2( √ 3 − 1) 2 otherwise. Assume that K contains no imaginary quadratic subfield or that the Dedekind zeta functions of the imaginary quadratic subfields of K have no real zero in the range 1 − (c/ log d K ) ≤ s < 1. Then,
Therefore, setting C n,f,g = 2(1 + 2 −f ) −g/n ∈ [4/3, 2), we have
n (with f , g and κ n,f,g as in Proposition 20). In particular, for each entry 2n in Table 6 below, we have h − K > 1 as soon as ρ K ≥ ρ 2n . Proof. According to Points 1 and 2 of Lemma 8, there are two cases to consider.
(1) Assume that ζ k has no real zero in the range 1 − c/ log d K ≤ s < 1. Then ζ K (1 − (c/ log d K )) ≤ 0 and using (2) with S = {2}, we obtain
Using (32) we conclude that
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(2) Assume that ζ k (β) = 0 for some β ∈ [1 − (c/ log d K ), 1). Then ζ K (β) = 0 ≤ 0 and using (1) with S = {2}, we obtain
Using (33) we conclude that
Corollary 1]), and if n = 2, then K is cyclic quartic and here again
. Therefore, the right-hand side of (37) is greater than or equal to the right-hand side of (36), and (36) is always valid. Using (36), (31) and (6), we obtain (34). To deduce (35), we use log
where 2 = −1, 0 or 1 according as the prime ideals of k above 2 are inert, ramified or split in the quadratic extension K/k). In particular, Π K/k ({2}) = 1 if 2 is ramified in K/k. Finally, since κ n,f,g > 0, the right-hand side of (35) increases with ρ K ≥ e 2 . Hence, for a given n and and a given ρ K ≥ 55 > e 4 we can easily compute the minima of the right-hand sides of (35) over all the pairs (f, g) with f ≥ 1 and n ≥ 1 such that f g divides n, and these minima increase with ρ K ≥ 55 > e 4 . This makes it easy to compute ρ 2n for any given entry 2n in Table  6 .
In the same way, by using Point 2 of Lemma 8 we also obtain:
Theorem 23. Let K be a not necessarily normal CM-field of degree 2n ≥ 2 such that (ζ K /ζ k )(s) ≥ 0 for 0 < s < 1 and such that k is abelian. 7 Then (34) and (35) hold with c = 2. In particular, for each entry 2n in Table 6 , we have h − K > 1 as soon as ρ K ≥ ρ 2n .
An application of these better lower bounds
The aim of this section is to give an example showing the paramount usefulness of Theorem 22 when dealing with class group problems for various types of CMfields for which Theorem 9 is of less or no practical usefulness. In [Lou5] we proved that if K is a non-normal quartic CM-field, then
(notice that according to its proof, there is a misprint in the statement of the lower bound [Lou5, Corollary 15] ). We will now improve upon this lower bound. 7 For example, K is a quaternion or a dihedral octic CM-field as in [Lou3] , and [Lou5, Section 2.3.1]. Lemma 24. Let N be the normal closure of a non-normal quartic CM-field K. Hence, N is a dihedral octic CM-field. Then,
Proof. To get (40), use (34) with c = 2 (see Theorem 23). Let us now prove (41). Let L 1 = k, L 2 and L + be the three real quadratic subfields of N + , the extension N/L + being cyclic quartic, and let λ 1 , λ 2 and λ + be the constants κ χ defined in (26) associated with the three quadratic characters χ of these three real quadratic fields. It is known that L 2 = Q( d K /d 2 k ) and that
Finally, since either 2 splits in one of the three quadratic subfields of k, or 2 ramifies in at least two of the three quadratic subfields of k, we have (2λ 1 + 2λ 2 + λ + )/4 ≤ (4κ 3 + κ 1 )/4 = 2.830327 · · · . Theorem 25. Let K be a non-normal quartic CM-field. Assume that ρ K ≥ 222. Then,
eπ 2 /32 = 4.57656 · · · if 2 is not ramified in K, 3 √ eπ 2 /16 = 3.05104 · · · if 2 is ramified in K, √ eπ 2 /8 = 2.03402 · · · if 2 is totally ramified in K.
Proof. Let N denote the normal closure of K. Then N is a dihedral octic CM-field. Since ζ N /ζ N + = (ζ K /ζ k ) 2 , it follows that d N /d N + = (d K /d k ) 2 , Π N/N + ({2}) = (Π K/k ({2})) 2 and h − N = Q N (h − K ) 2 /2. Using (40) and Lemma 24, we obtain the first lower bound for h − K . As for the second lower bound, we use
if 2 is totally ramified in K, 2/3 if 2 is ramified in K, (2/3) 2 in all cases, where P k ranges over the prime ideals of k above the rational prime 2 and χ denotes the quadratic character associated with the extension K/k. Theorem 26. If the ideal class group of a non-normal quartic CM-field K is of exponent ≤ 2, then h − K ≤ 2 15 and d K /d k ≤ 3 · 10 16 .
Proof. We assume that d K /d k ≥ 3 · 10 9 , which implies ρ K = d 1/4
Let t denote the number of rational primes ramified in k/Q and let T be the number of prime ideals ramified in K/k. Let p 1 = 3 ≤ p 2 = 3 < p 3 = 5 ≤ p 4 = 5 < p 5 = 7 · · · be the nondecreasing sequence of all the odd primes, each one being repeated twice and set δ r = r k=1 p k . In the same way, setp 1 = 3 ≤p 2 = 3 <p 3 = 4 ≤p 4 = 4 <p 5 = 5 · · · (where for k ≥ 5 we setp k = p k−2 ) and setδ r = r k=1p k . If 2 is not ramified in K, then d K /d k ≥ δ t+T , whereas if 2 is ramified in K, then d K /d k ≥δ t+T . Now, assume that the ideal class group of a non-normal quartic CM-field K is of exponent ≤ 2. Then h − K ≤ 2 t+T −2 (see [LYK, Corollary 17] ). Now there are two cases to consider.
First, assume that 2 is not ramified in K. Using the lower bound (42) (which is an increasing function of d K /d k ), we obtain 2 t+T −2 ≥ h − K ≥ δ t+T C K (log(δ t+T ) + 3) 2 with C K = 9 √ eπ 2 /32, which implies t + T ≤ 16, h − K ≤ 2 14 and d K /d k ≤ 1.5 · 10 16 , by using (42). Second, assume that 2 is ramified in K. Using the lower bound (42) (which is an increasing function of d K /d k ), we obtain 2 t+T −2 ≥ h − K ≥ δ t+T C K (log(δ t+T ) + 3) 2 with C K = 3 √ eπ 2 /16, which implies t + T ≤ 17, h − K ≤ 2 15 and d K /d k ≤ 2.8 · 10 16 , by using (42).
Remarks 27.
(1) If we use (13) with c = 2 (see Theorem 11) and Lemma 24 we obtain the following lower bounds for relative class numbers of non-normal quartic CM-fields:
Using this lower bound, we would only obtain that if the ideal class group of a non-normal quartic CM-field K is of exponent ≤ 2, then h − K ≤ 2 16 and d K /d K + ≤ 9 · 10 17 , a 30-fold less satisfactory bound than the previous one.
(2) If we had used (39), we would only have obtained that if the ideal class group of a non-normal quartic CM-field K is of exponent ≤ 2, then h − K ≤ 2 17 and d K /d k ≤ 10 19 , a 333-fold less satisfactory bound than the previous one (and in fact a bound of no practical use).
(3) The desire to determine all the non-normal quartic CM-fields and all the dihedral octic CM-fields with ideal class groups of exponents ≤ 2 has been a continuous incentive to obtain here as good as possible lower bounds for relative class numbers of CM-fields. These determinations have now been completed and can be found in [LYK] .
